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We propose a generic scattering matrix model implementable in photonics to engineer a new
Floquet metallic phase that combines two distinct topological properties: the winding of the bulk
bands and the existence of robust chiral edge states. The winding of the bulk bands gives rise to a
wavepacket oscillations in real space while conserving its initial momentum. Our findings open the
way to the study of a new class of winding Floquet systems.
Floquet topological insulators have renewed the field of
topological physics. These phases of matter appear when
a lattice is driven periodically in time with period T . The
Hamiltonian takes the form H(t + T ) = H(t) and de-
scribes irradiated two-dimensional materials [1], shaken
optical lattices [2, 3], curled photonic waveguides [4] and
photonic and atomic quantum walks [5]. Initially, Floquet
insulators were proposed to dynamically engineer already
known topological phases of matter that break time re-
versal symmetry, without the need of external magnetic
fields [6, 7]. But soon after they were shown to own spe-
cific topological properties [8, 9] that cannot be described
with the usual topological invariants phases of matter at
equilibrium. The archetypical example is the anomalous
Floquet topological insulator, which spectrum presents
two gapped bands with zero Chern number but topologi-
cally protected chiral edge states. The prediction of these
anomalous edge states was recently confirmed experi-
mentally in photonic setups in one [10] two dimensions
[4, 11–14]. The origin of the anomalous Floquet topo-
logical phases can be found in the periodic quasi-energy
spectrum of Floquet systems: the spectrum is periodic in
energy with a period 2pi/T . As the Chern number counts
the net number of states above and below a band, in a
Floquet system, all gaps including the gap at the edge
of the quasi-energy Brillouin zone may support, for in-
stance, one chiral edge state while the Chern number of
all the bands is zero.
For the appearance of anomalous Floquet topologi-
cal phases, bulk bands need to be well separated in
quasienergy. However, the existence of a complete gap
(i.e., no bulk state accessible over a range of quasiener-
gies) is not strictly required, and one can imagine, for in-
stance, a continuous deformation of the bands that would
tilt them such that the gap becomes incomplete but still
the bands do not touch. In that case, bands can still host
chiral edge states that, in this case, would coexist with
bulk states of same energy but with different quasimo-
menta. This gives rise to a topological metal, first dis-
cussed in the Lieb lattice model [15] and, more recently,
in superconductors [16].
In this letter we use a scattering network model real-
izable in photonics to unveil a new class of topological
metals. The spatial periodicity and the Floquet dynam-
ics inherent to the model are employed to engineer Flo-
quet metallic bands with two distinct topological prop-
erties. First, the two-dimensional bulk bands wind in the
quasienergy-quasimomenta Brillouin zone when a pump-
ing parameter in the Hamiltonian is varied. The main
effect of the winding is to break inversion symmetry re-
sulting in bands with group velocities pointing only in
one direction. We show that the winding bands can be
characterised by a topological invariant. Moreover, a real
space oscillations, which conserve momentum, arise as
a consequence of the nontrivial bulk winding. Second,
since the bulk bands are gapped, we show that topolog-
ical phases with anomalous chiral edge states that cross
the gaps and connect the bands can be implemented. Our
findings provide a new framework for the study of topo-
logical phases in Floquet systems
To introduce our model, let us consider a one dimen-
sional spatial lattice of periodic discrete-time evolutions
represented by oriented scattering networks, as sketched
in Fig. 1. In such networks, a state of the system is given
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Figure 1. Two-dimensional oriented scattering lattice where
the y axis plays the role of time. A time period consists in
n successive steps represented by n 2× 2 scattering matrices
Sm. A phase φm is added for the states scattered out the node
m and propagating leftwards (blue arrows). The unit cell of
this lattice is emphasized by a dashed black rectangle.
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2by the superposition of the amplitudes that sit on the
two different oriented links. Each time-step m consists in
a free evolution followed by a unitary scattering process
considered as instantaneous, where the incoming ampli-
tudes αml and β
m
l are scattered toward the next links ac-
cording to their orientation. Here l labels the real space
position of the links, along the x direction. These scatter-
ing events are represented by the nodes of the network.
The topological properties of the evolution operator that
describes such networks have been studied recently in two
[17–20] and three dimensions [21].
The links of the network considered here have a pref-
erential orientation (from top to bottom) that accounts
for the direction of the flow with time of an input signal,
such as light. At each time step m, the scattering ampli-
tudes of αml and β
m
l at each node are parametrized by a
dimensionless parameter θm in the scattering matrix Sm
Sm =
(
cos θm i sin θm
i sin θm cos θm
)
. (1)
In addition to these scattering processes, we shall intro-
duce a phase shift φm carried by the states along each link
[22]. For simplicity, we consider a non-zero phase shift φm
for the leftward states only (as depicted in Fig. 1), but
a phase for the right movers can be introduced without
any loss of generality. The key point is that we allow the
value of this phase to vary with time. It follows that the
outgoing amplitudes at time m + 1 are related to the
incoming amplitudes at time m as
αm+1l = (cos θmα
m
l+1 + i sin θmβ
m
l+1)e
iφm
βm+1l = (i sin θmα
m
l−1 + cos θmβ
m
l−1) .
(2)
As sketched in Fig. 1, we will consider scattering ma-
trices Sm and phase shifts φm that may be different at
different m steps, but that will present a periodicity of
n steps (dashed rectangle in Fig. 1 shows a unitcell of
n steps). Thus, during evolution, a state is scattered by
a time-ordered and periodic sequence of n nodes, like in
a discrete-time quantum walk. For that reason, the uni-
tary evolution over a discrete time-period n is described
by a Floquet operator, which can include several con-
secutive scattering processes and phase shifts. Assuming
invariance by discrete translation along the x direction,
a Bloch-Floquet operator reads
UF (k, {φm}) = Bmod(n,2)(k)Sn....B1(k)S1, (3)
B1(k) =
(
1 0
0 e−ik
)
, B0(k) =
(
eik 0
0 1
)
,
where k is the quasimomentum, and whose eigenvalues
decompose as λ = eiε, where ε will be referred to as the
(dimensionless) quasienergy. It is worth stressing that θm
and φm will play very different roles: the θ’s are fixed pa-
rameters that will define topologically different gapped or
gapless regimes, while the φ’s will be viewed as an analo-
gous quasimomentum that will add synthetic dimensions
to the system.
When n = 2, this model reduces to former mod-
els studied experimentally in photonics [10, 22]. For in-
stance, when φm = 0 together with S1 6= S2, one ob-
tains a discrete-time modulation of the celebrated SSH
chain whose 1D Floquet topological properties have been
implemented in evanescently coupled waveguides arrays
[10]. The case φ ≡ φ2 = −φ1 and S1(θ = pi/4) = S2 was
implemented in a pair of coupled fiber loops, resulting
in two ungapped bands [22]. The experimental access to
the stroboscopic dynamics allowed the first measurement
in photonics of the Berry curvature in a “synthetic” two-
dimensional Brillouin zone in (k, φ) parameter space [22].
As a bi-product of these two previous works, one can
already infer that a two-dimensional Floquet phase with
a topological gap can be induced when φ ≡ φ2 = −φ1 to-
gether with S1 6= S2 (see Fig. 2). Each eigenstate Ψ(k, φ)
of the Floquet operator [Eq. (3)] defines a U(1)-fiber bun-
dle over the Brillouin zone in (k, φ) space, whose topology
is characterized by the first Chern number. It turns out
that for each gapped phase, one can find specific values of
the coupling parameters θ1 and θ2, such that the Floquet
evolution operator satisfies a phase rotation symmetry
[23], LUFL−1 = eipiUF with
L =
(
1 0
0 eipi
)
. (4)
It follows that the Chern number for each band necessar-
ily vanishes [23], and therefore the only two distinct topo-
logical regimes one can generate with n = 2 are either
trivial or anomalous. In Floquet physics, this does not
preclude the existence of chiral boundary modes, since
those are more accurately predicted by another topologi-
cal index that accounts for the full dynamics over a time
period [8], even for scattering networks where time is an
implicit discrete variable [23]. The existence of an anoma-
lous topological gapped phase in this model, with the
proper choice of θm is confirmed by the appearance of
chiral edge states when calculating the quasienergy spec-
trum in a cylinder geometry that is periodic in φ but
finite in the transverse direction x, as shown in Fig. 2(b).
Now we will show that the scattering network model
also yields a new topological regime with no equivalence
in the static case. We call this regime Floquet winding
metal, and it shows both anomalous chiral edge states
and the winding of the bulk bands. This regime emerges
from the scattering network model in the same way as the
Floquet topological insulators but where a non-vanishing
net phase φnet ≡ φ1 + φ2 + · · ·+ φn is imposed through
the unit-cell. Having φnet 6= 0, breaks the “generalized in-
version symmetry”, UF (−k,−φ) = σxUF (k, φ)σx (where
φ1 and φ2 can be expressed as a function of φ, which is
treated as a generalized momentum), where σx is a Pauli
3(a) (b)
Figure 2. Calculated bands for the (a) trivial insulating regime
for θ1 = pi/4 − 0.6, θ2 = pi/4, and (b) anomalous Floquet
topological insulating regime for θ1 = pi/4, θ2 = pi/4− 0.6.
matrix. Breaking this symmetry is a necessary condition
to get a winding of the bands.
The simplest case of a Floquet winding metal is ob-
tained for a period of n = 2 by taking now φ1 = +φ and
φ2 = −2φ. As shown in Fig. 3a, the winding of the bands
manifests in their shape along both the φ and k coordi-
nates. In the φ coordinate, it shows up in the fact that
the bands have a negative group velocity for any value
of φ. This is an extreme example of inversion symme-
try breaking. In the k coordinate, the winding manifests
via the oblique sliding of the bands in the first Brillouin
zone when φ is increased, as shown in Fig. 4(c)-(f) (solid
and dashed lines are the calculated bands, Eq. (26)). The
absence of inversion symmetry in the k direction (i.e.,
E(k) 6= E(−k)) is evident for any value of φ 6= 2Lpi, with
L being an integer.
(a) (b)
Figure 3. Quasienergy bulk spectra of a Floquet winding
metal obtained for coupling parameters θ1 = pi/4 and θ2 =
pi/4−0.6 (a) for winding ν = −2, and (b) for winding ν = +6
The bulk bands are characterized by a non-zero wind-
ing number ν. It can be defined using a homotopic prop-
erty of the Floquet operator UF (k, φ) [24] for any arbi-
trary rational phase φ1 = (m1/n1)φ and φ2 = (m2/n2)φ,
with mi, ni integers and |m1/n1|6= |m2/n2|, in the fol-
lowing way,
ν ≡ 1
2pii
∫ 2piγ(φ1,φ2)
0
dφ tr
[
U−1F ∂φUF
]
=
∑
N
1
2pi
∫ 2piγ(φ1,φ2)
0
dφ
∂εN
∂φ
, (5)
where γ(φ1, φ2) is equal to 2n1n2 divided by the great-
est common divisor of [(m1n2 −m2n1), (m1n2 +m2n1)],
and it sets the period of the quasienergy along φ (see
appendix). A direct calculation leads to the simple result
ν = (m1n2 +m2n1) γ(φ1, φ2) . (6)
Note that ν does not depend on k while UF (k, φ) and εN
do. In the case of Fig. 3a, ν = −2, the period is 4pi. The
winding number in Eq. (6) counts the total winding of
all the bands. Since we have considered a model with two
bands, it is an even number. Equation (6) immediately
shows that various distinct winding metals characterized
with different ν’s can be obtained by selecting different
values of φ1 and φ2. For instance, a winding metal with
ν = +6 is obtained for m1 = 4,m2 = −1, n1 = n2 = 1
(i.e. φ1 = 4φ, φ2 = −φ) as shown in Fig. 3b.
A first striking consequence of the winding of the bulk
bands is the unconventional dynamics of wavepackets
in position space when adiabatically increasing the co-
ordinate φ. Fig. 4(b) shows the m-time evolution of a
Gaussian wavepacket injected at m = 0 in the blue
band of Fig. 3a with k = 0, when φ is adiabatically
increased from 0 to 4pi [sketched in Fig. 4(a)]. To com-
pute the spatio-temporal dynamics, we use the evolution
Eq. (2). The wavepacket periodically oscillates in space
coordinate while keeping k constant. This can be readily
seen in Fig. 4(c)-(f), where we show the two-dimensional
Fourier transform of the wavepacket after having evolved
to the time step indicated by the horizontal lines in
Fig. 4(b). Analytical calculation of centre of mass mo-
tion of wavepacket from Eq. (29) (see Appendix), fits well
with the simulation plot, shown with the black dashed
lines on top of the simulation plot in Fig. 4(b). These
panels provide an understanding of the mechanism be-
hind the oscillations: as φ is adiabatically increased, the
band dispersions are displaced in a diagonal direction in
quasienergy-k space [green arrows in Fig. 4(c)-(f)], a di-
rect consequence of the winding of the bands. Therefore,
a wavepacket with a given k, is subjected to group ve-
locities that change sign when φ is increased, resulting in
periodic oscillations in the spatial coordinate.
These oscillations are very different in nature to Bloch
oscillations,reported in photonic systems for instance in
Refs. [25, 26]. In that case, the wavepacket oscillates in
the spatial direction in which an adiabatic acceleration
takes place, implying a periodic oscillation also in mo-
mentum space. In the winding metal, the oscillations ap-
pear in real space, the coordinate orthogonal to which
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Figure 4. (a) Adiabatic increase of φ from 0 to 4pi used
to study the real space dynamics of a wavepacket. (b)
Spatio-temporal evolution of the energy of a wavepacket
(
√
|αml |2+|βml |2) injected at m = 0 with k = 0 in the blue
band of Fig. 3(a), when φ is linearly increased from m = 0
to m = 4000. Dashed black line: analytical calculation of cen-
tre of mass motion of a wavepacket from Eq. (29) of the ap-
pendix. (c)-(f) Norm of the two-dimensional Fourier trans-
form of the wavepacket (α part) after having evolved to the
time step indicated by the horizontal lines in (b). In solid and
dashed red lines indicate the numerically calculated bands
[Eq. (23)]. Note that the vertical scales are different in each
panel. Green arrows show the direction in which the bands
wind in quasienergy-k space when φ increases.
the adiabatic acceleration takes place (φ). Therefore, al-
though the energy of the quasienergy of the wavepacket
evolves in time [Fig. 4(c)-(f)], k remains constant.
A second remarkable property of Floquet winding met-
als is the existence of chiral edge states. Indeed, although
the spectrum of a winding metal is gapless, in the sense
that for any value of the quasienergy we can find allowed
bulk states, the bulk quasienergy bands ε(k, φ) in the
synthetic Brillouin zone are separated and do not touch.
Thus, the first Chern number is still well defined. The
winding metal, however, keeps the phase rotation sym-
metry [Eq. (4)] of the insulating regime, implying that
the Chern number vanishes for each band [23]. Still, due
to the Floquet periodicity of the system in quasienergy,
it is possible to engineer anomalous topological phases
with edge states [8].
A simple way to obtain a winding metal with chi-
ral boundary modes is to follow the same procedure
as detailed above: incorporate a net φnet over a pe-
riod, but by starting from the Floquet anomalous gapped
state (Fig. 2b) rather than the topologically trivial one
(Fig. 2a). To do that, we just need to chose the proper
set of θm. Figure 5(a) and (b) displays the quasienergy
spectra calculated for a finite size system containing 50
unitcells in the x direction, with fully reflective boundary
conditions, for a trivial (a) and an anomalous phase with
chiral edge modes (b), both of them for a winding metal
with ν = −2. In Fig. 5(b), the lines traversing the gaps
are states localized at the edges of the lattice, as shown in
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Figure 5. (a) Trivial winding metal for ν = −2, γ(φ1, φ2) = 2
and 50 sites in the x direction, with θ1 = pi/4 − 0.6 and
θ2 = pi/4. (b) Anomalous winding metal with θ1 = pi/4
and θ2 = pi/4 − 0.6 (lines traversing the gap correspond to
states localized at the edges). (c) Same as (b) for ν = 6
(m1 = 4,m2 = −1, n1 = n2 = 1). (d) Phase diagram for
Floquet topological winding metal with ν = −2. (e) Proba-
bility amplitude |α|2l of the edge state (in red) marked by a
black arrow in (b), at φ = 1.24pi.
Fig. 5(e) for the edge state (in red) marked with an arrow
in (b). Winding metals with and without chiral boundary
modes are separated in parameter space {θm} by a band
touching. That gives rise to the phase diagram for the
winding metal with ν = −2, as shown in Fig. 5(d). If the
winding |ν| is increased, a higher number of edge states
can be obtained [see Fig. 5(c) for the case of ν = 6].
Remarkably, in a winding metal with chiral boundary
modes, there are regimes where all the states have a
“synthetic group velocity” ∂ε/∂φ with the same sign
except for the chiral edge states localized on one of the
edges. This peculiar property results from the interplay
of two distinct topological properties, namely the wind-
ing of the bulk bands and the chirality of the edge modes.
Conclusions- We have unveiled a class of two-
dimensional Floquet topological systems with a real
space and a synthetic dimension, characterized by a net
phase gained at each period of the Floquet evolution.
Their main characteristic is the winding of the bulk
bands, which gives rise to wavepacket oscillations in real
space, different from Bloch oscillations, when adiabat-
ically varying the parameter introduced as a synthetic
dimension (φ). The scattering matrix framework that
we employ allows a straightforward implementation in
a number of experimental settings like ultracold atoms,
5coupled waveguides in silica, quantum walks and cou-
pled fibre loops. These possible experimental implemen-
tations call for the theoretical exploration of the quantum
aspects of these phases, for instance, in the boson sam-
pling regime or in the presence of nonlinear scattering
elements.
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6APPENDIX
Derivation of the evolution operator
We consider 2D oriented scattering network, as defined in the main text, with a time period of n = 2. Here we will
show the analysis to calculate the Floquet evolution operator from the given network. For simplicity, we consider two
steps, which can easily be generalized to n steps. First, there is a scattering matrix S1 and finally followed by S2, as
shown in Fig. 6. We have two incoming arrows and two outgoing at each scattering site, where arrows going towards
left (right) are shown in blue(red). Left(right) incoming arrow to the S1 is denoted by a1 (b1), which comes from time
step m − 1 and going towards position l, similarly the outgoing arrows are denoted by a2, b2, as shown inside the
unitcell with dashed square Fig. 6. Which can be expressed as:
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Figure 6. 2D oriented and two steps scattering network
(
a2(m, l + 1)
b2(m, l − 1)
)
= S1
(
a1(m− 1, l)
b1(m− 1, l)
)
(7)
Similarly, (
a1(m− 1, l)
b1(m− 1, l)
)
= S2
(
a2(m− 2, l + 1)
b2(m− 2, l − 1)
)
(8)
So, 
a1(m− 1, l)
b1(m− 1, l)
a2(m, l + 1)
b2(m, l − 1)
 = ( 0 S2S1 0
)
a1(m− 1, l)
b1(m− 1, l)
a2(m− 2, l + 1)
b2(m− 2, l − 1)
 (9)
7Current scattering matrix notation, correspond as to quantum walk notation of main text Eq. (2), a1(m−1, l) = αm−1l ,
b1(m− 1, l) = βm−1l , similarly, a2(m, l + 1) = αml+1, b2(m, l − 1) = βml−1.
Using, translation symmetry of the scattering network,(
aj(m, l)
bj(m, l)
)
=
∑
kx,ky
ei
~k.(leˆx+meˆy)/2
(
aj(kx, ky)
bj(kx, ky)
)
(10)
We get,

a1(kx, ky)
b1(kx, ky)
a2(kx, ky)
b2(kx, ky)
 =

0 0 s112 e
ikx/2e−iky/2 s122 e
−ikx/2e−iky/2
0 0 s212 e
ikx/2e−iky/2 s222 e
−ikx/2e−iky/2
s111 e
ikx/2e−iky/2 s121 e
−ikx/2e−iky/2 0 0
s211 e
ikx/2e−iky/2 s221 e
−ikx/2e−iky/2 0 0


a1(kx, ky)
b1(kx, ky)
a2(kx, ky)
b2(kx, ky)
 (11)
(
~a1(~k)
~a2(~k)
)
=
(
0 S2(~k)
S1(~k) 0
)
·
(
~a1(~k)
~a2(~k)
)
(12)
where ~a1(~k) = {a1(~k), b1(~k)}.
Again for the simplicity sake, we consider the similar form for scattering matrices, however, the calculations are
independent of any specific form. For e.g.
Sj =
(
cos θj i sin θj
i sin θj cos θj
)
(13)
By squaring the coefficient matrix in Eq.(12), one can define the Floquet operators starting at different times as(
S2(~k) · S1(~k) 0
0 S1(~k) · S2(~k)
)
=
(
U21F (~k) 0
0 U12F (~k)
)
(14)
On substituting Eq.(13), we get
U21F (~k) =
(
e−iky (eikx cos θ1 cos θ2 − sin θ1 sin θ2) ie−iky (cos θ2 sin θ1 + e−ikx cos θ1 sin θ2)
ie−iky (cos θ2 sin θ1 + eikx cos θ1 sin θ2) e−iky (e−ikx cos θ1 cos θ2 − sin θ1 sin θ2)
)
(15)
U12F (~k) =
(
e−iky (eikx cos θ1 cos θ2 − sin θ1 sin θ2) ie−iky (e−ikx cos θ2 sin θ1 + cos θ1 sin θ2)
ie−iky (eikx cos θ2 sin θ1 + cos θ1 sin θ2) e−iky (e−ikx cos θ1 cos θ2 − sin θ1 sin θ2)
)
(16)
Going along the same line as in ref[22], we associate a phase φ to the blue arrows in Fig. (6) i.e. bj , such that
b1 → b1eiφ2 and b2 → b2eiφ1 . Then in Eq.(11), s122 and s222 will be multiplied by eiφ1 similarly, s121 and s221 will be
multiplied by eiφ2 . Which will give us,
U21F (~k, φ) = e
−iky
(
eikx cos θ1 cos θ2 − eiφ1 sin θ1 sin θ2 i(eiφ2 cos θ2 sin θ1 + e−ikx cos θ1 sin θ2)
i(eiφ1 cos θ2 sin θ1 + eikx cos θ1 sin θ2) e−ikx cos θ1 cos θ2 − eiφ2 sin θ1 sin θ2
)
(17)
U12F (~k, φ) = e
−iky
(
eikx cos θ1 cos θ2 − eiφ2 sin θ1 sin θ2 i(e−ikx cos θ2 sin θ1 + eiφ1 cos θ1 sin θ2)
i(eikx cos θ2 sin θ1 + eiφ2 cos θ1 sin θ2) e−ikx cos θ1 cos θ2 − eiφ1 sin θ1 sin θ2
)
(18)
Both the Eq.(17)-(18) correspond to same physical properties (e.g. spectrum, topological phase), as it’s merely a
choice of origin for the two steps.
Dispersion and (“synthetic”) group velocity
Here we will derive the general expression for the group velocity for Floquet winding topological metals. In order
to do that, we will use the similar formalism as in Ref [22]. Using the same terminology as before, where right going
8arrows are denoted with α and left going with β, as shown in the main text Fig. (1), with color red and blue.
For the first step,
αm+1l = (cos θ1α
m
l+1 + i sin θ1β
m
l+1)e
iφ1 ,
βm+1l = cos θ1β
m
l−1 + i sin θ1α
m
l−1 (19)
For the second (final) step,
αm+2l−1 =
(
cos θ2αm+1l + i sin θ2β
m
l
)
eiφ2 ,
βm+2l−1 = cos θ2β
m
l−2 + i sin θ2α
m
l−2 (20)
Using Floquet-Bloch ansatz, (
αml
βml
)
=
(
A
B
)
e−iεm/2eikl/2 (21)
on substituting Eq.(19) in (20) using Eq.(21). Which essentially boils down to solving the determinant problem, where
we get
e−2iε −
[
cos θ1 cos θ2
(
eikei(φ1+φ2) + e−ik
)
− sin θ1 sin θ2
(
eiφ1 + eiφ2
)]
e−iε + ei(φ1+φ2) = 0, (22)
On rewriting the Eq.(22), we get
cos
(
ε+
φ1 + φ2
2
)
= cos θ1 cos θ2 cos
(
k +
φ1 + φ2
2
)
− sin θ1 sin θ2 cos
(
φ1 − φ2
2
)
,
ε(k, φ) = ± cos−1
[
cos θ1 cos θ2 cos
(
k +
φ1 + φ2
2
)
− sin θ1 sin θ2 cos
(
φ1 − φ2
2
)]
−
(
φ1 + φ2
2
)
,
ε(k, φ) = ± cos−1
[
cos θ1 cos θ2 cos
(
k +
[
m1
n1
+
m2
n2
]
φ
2
)
− sin θ1 sin θ2 cos
([
m1
n1
− m2
n2
]
φ
2
)]
−
[
m1
n1
+
m2
n2
]
φ
2
(23)
In the last Eq.(23), we have substituted the general form for the φ’s i.e. φj = (mj/nj)φ.
We can define “synthetic group velocity” along φ direction,
vgφ(k, φ) =
∂ε(k, φ)
∂φ
,
vgφ(k, φ) = −12∆m∓
1
2
δm sin θ1 sin θ2 sin
(
1
2φδm
)−∆m cos θ1 cos θ2 sin (k + 12φ∆m)√
1− (cos θ1 cos θ2 cos (k + 12φ∆m)− sin θ1 sin θ2 cos ( 12φδm))2 (24)
We can similarly, define transverse group velocity,
vgk(k, φ) =
∂ε(k, φ)
∂k
,
vgk(k, φ) = ±
cos θ1 cos θ2 sin
(
k + 12φ∆m
)√
1− (cos θ1 cos θ2 cos (k + 12φ∆m)− sin θ1 sin θ2 cos ( 12φδm)) 2 (25)
where, δm = m1n1 − m2n2 and ∆m = m1n1 + m2n2 .
For our case (m1 = 1, n1 = 1,m2 = −2, n2 = 1), energy dispersion relation simplifies to
ε(k, φ) = ± cos−1
[
cos θ1 cos θ2 cos
(
k − φ
2
)
− sin θ1 sin θ2 cos
(
3φ
2
)]
− φ
2
(26)
9Similarly, the group and synthetic group velocity,
vgk(k, φ) = ±
cos θ1 cos θ2 sin
(
k − φ2
)
√
1−
(
cos θ1 cos θ2 cos
(
k − φ2
)
− sin θ1 sin θ2 cos
(
3φ
2
))
2
, (27)
vgφ(k, φ) = −12 ∓
3
2 sin θ1 sin θ2 sin
(
3φ
2
)
+ 12 cos θ1 cos θ2 sin
(
k − φ2
)
√
1−
(
cos θ1 cos θ2 cos
(
k − φ2
)
− sin θ1 sin θ2 cos
(
3φ
2
))2 (28)
Numerator in the Eq.(25) for group velocity, which is sin
(
k + 12φ∆m
)
, can essentially change sign on changing φ
for some fixed value of k = k0. This only happens because of the fact ∆m is non-zero in case of winding metals.
Which gives rise to wave-packet oscillations.
Along the same lines, we can calculate the motion of centre of mass from equation(27), for arbitrary k as,
X(t′, k) =
∫ t′
0
vgk(φ(t), k)
1
∂tφ
dt,
=
∫ t′
0
vgk(t, k)dt (29)
where in last equation, we used the case where φ changes linearly with time.
Calculation of the winding number
We consider the two step case consisting of step wise evolution operator
S2 =
(
eik cos θ2 ieikei(m2/n2)φ sin θ2
i sin θ2 ei(m2/n2)φ cos θ2
)
,
S2 = S˜2(k)D2(φ), (30)
S1 =
(
cos θ1 iei(m1/n1)φ sin θ1
ie−ik sin θ1 e−ikei(m1/n1)φ cos θ1
)
S1 = S˜1(k)D1(φ), (31)
So, Floquet evolution operator can be written as UF (k, φ, θi, T ) = S˜2(k) ·D2(φ) · S˜1(k) ·D1(φ).
We can define the winding, when |m1/n1|6= |m2/n2|, using the expression defined in ref[8, 24]
ν =
1
2pii
∫ 2piLCM[ 2m1
n1
−m2
n2
, 2m1
n1
+
m2
n2
]
0
dφTr
[
UF (T )−1∂φUF (T )
]
,
=
1
2pii
∫ 2piLCM[ 2m1
n1
−m2
n2
, 2m1
n1
+
m2
n2
]
0
dφTr
[
S˜1(k)†.D1(φ)†.S˜2(k)†.D2(φ)†
∂φ{D2(φ).S˜2(k).D1(φ).S˜1(k)}
]
,
=
1
2pii
∫ 2piLCM[ 2m1
n1
−m2
n2
, 2m1
n1
+
m2
n2
]
0
dφTr
[
D2(φ)†∂φD2(φ) +D1(φ)†∂φD1(φ)
]
where the period for φ comes from the expression in Eq. (23).
Where,
Dj(φ) =
[
1 0
0 ei(mj/nj)φ
]
(32)
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on substituting this, we get,
ν =
1
2pii
∫ 2piLCM[ 2m1
n1
−m2
n2
, 2m1
n1
+
m2
n2
]
0
dφTr
[
i
m1
n1
+ i
m2
n2
]
,
= 2 LCM
[
1
m1
n1
− m2n2
,
1
m1
n1
+ m2n2
](
m1
n1
+
m2
n2
)
,
= 2(m1n2 +m2n1) LCM
[
1
m1n2 −m2n1 ,
1
m1n2 +m2n1
]
,
ν =
2(m1n2 +m2n1)
GCD [m1n2 −m2n1,m1n2 +m2n1] ∈ 2Z (33)
where LCM stands for least common multiple and GCD stands for greatest common divisor.
Breaking of inversion symmetry by net phase in the unitcell
We break generalized inversion symmetry by net phase in the unitcell. Here we will show the proof of the same in
general case. We will use same decomposition of scattering matrix as in Eq.(30)-(31)
UFloquet = B0(k) · S2 ·D2(φ) ·B1(k) · S1 ·D1(φ),
= B(k)† · S2 ·D2(φ) ·B(k) · S1 ·D1(φ) (34)
where,
B(k) =
[
eik/2 0
0 e−ik/2
]
(35)
Before that, we take the case when we have no net phase in the unit cell, which means D2(φ) = D1(φ)† or σxD1(φ)σx =
D2, where σx is Pauli matrix. In that case, we restore the inversion symmetry
σxU
φnet=0
Floquet(φ, k)σx = (σxB(k)
†σx)(σxS2σx)(σxD2(φ)σx)(σxB(k)σx)(σxS1σx)(σxD1(φ)σx),
= B(k)S2D1(φ)B(k)†S1D2(φ),
= Uφnet=0Floquet(−φ,−k) (36)
When, we have net phase in the unitcell i.e. D2(φ) 6= D1(φ)†, we break inversion symmetry.
